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1.  Introduction 

Shape  recognition  is  a  basic  part  of  image  processing  and 
pattern  recognition.  Elementary  shapes  in  the  2D  Euclidean 
plane,  such  as  polygons  and  conic  sections,  are  well  defined 
and  understood.  However,  the  objects  in  digital  image  proces¬ 
sing  and  pattern  recognition  are  not  continuous  objects  but 
their  digital  representations.  The  shapes  of  sets  of  digital 
points  are  not  well  defined  and  not  well  understood. 

The  connectivity  and  convexity  of  sets  of  digital  points 
have  been  studied  extensively  [2, 3, 6, 8].  These  are  geometric 
properties  closely  related  to  the  shapes  of  sets  of  digital 
points.  The  convex  polygonality  of  sets  of  digital  points  is 
discussed  in  [4] .  This  paper  treats  the  shape  of  a  disk  for 
sets  of  digital  points.  We  discuss  criteria  for  saying  that  a 
set  of  digital  points  has  the  shape  of  a  disk;  what  are  the 
geometric  properties  that  are  satisfied  by  digital  disks;  and 
how  to  determine  whether  or  not  a  given  set  of  digital  points 
has  the  shape  of  a  disk. 

A  measure  of  the  circularity  of  sets  of  digital  points  is 
discussed  in  [1] .  It  gives  a  parameter  that  indicates  the 
closeness  of  a  set  of  digital  points  to  a  digital  disk.  In  [5 
sets  of  digital  points  which  are  digitizations  of  circles  are 
characterized.  Also,  an  algorithm  for  a  deterministic  tape- 
bounded  array  acceptor  to  determine  circularity  is  presented. 


Our  characterization  of  digital  disks  and  algorithm  are  en¬ 
tirely  different  from  those  given  in  [5].  Further,  the  algo¬ 
rithm  is  for  general  purpose  computers. 

In  the  next  section  definitions  and  a  previously  known 
result  that  is  useful  in  this  paper  are  given.  Simple  geo¬ 
metric  characterizations  of  digital  disks  are  discussed  in 
Section  3.  Section  4  derives  further  characterizations  of  digi 
tal  disks  that  lend  themselves  to  development  of  an  algorithm 
to  determine  whether  or  not  a  digital  region  is  a  digital  disk. 
The  algorithm  is  presented  and  its  complexity  analyzed  in  the 


same  section. 


2.  Definitions 


The  set  of  all  points  in  2D  Euclidean  space  is  denoted 
by  E.  The  set  of  all  points  in  E  with  integer-valued  coor¬ 
dinates  is  denoted  by  D.  A  point  in  D  is  called  a  digital 
point.  Let  S  be  a  set  of  digital  points.  Then  S  denotes 
the  complement  of  S  in  D.  A  point  of  S  is  an  interior  point 
if  all  of  its  four  4-neighbors  [7]  are  points  of  S.  A  point 
of  S  is  a  boundary  point  if  it  is  not  an  interior  point. 

Digital  region 

A  digital  region  S  is  any  finite  subset  of  D  which  is  4- 
connected  [4] . 

Digital  image  of  a  region 

Consider  a  region  p  in  E.  A  set  S  in  D  is  said  to  be  the 
digital  image  (or  simply,  image)  of  p,  and  p  a  preimage  of  S, 
if 

( i )  Sep  and 
(ii)  SDp=0. 

We  denote  the  image  of  p  by  I(p). 

Digital  disk 

A  digital  region  Q  is  a  digital  disk  if  there  is  a  disk  q 
whose  digital  image  is  Q.  (See  Figure  1.) 

Let  q  be  a  disk.  The  boundary  (circumference)  of  q  is  de¬ 
noted  by  3q  and  the  center  by  c(q).  If  x  and  y  are  points  on  9q 


the  subset  of  3q  obtained  by  moving  from  x  to  y  clockwise  is 
denoted  by  3q(x,y).  Thus  the  union  of  3q(x,y)  and  3q(y,x)  is 
3q.  Given  any  pair  of  points  x,y  in  E,  we  denote  the  line  segment 
between  the  two  by  xy.  Given  three  points  x,y,  and  z,  the  angle 
measured  clockwise  from  xy  to  xz  is  denoted  by  yxz.  Given  two 
points  x,y  on  3q,  q(x,y)  denotes  the  subset  of  q  whose  boundary 
is  the  union  of  xy  and  3q(x,y).  Let  u  be  a  point  in  E.  The  dis¬ 
tance  from  u  to  3q,  denoted  dist(u,3q),  is  defined  as  follows: 

The  line  that  passes  u  and  c(q)  intersects  3q  at  two  points. 

Let  the  one  nearest  to  u  be  v.  Then  dist(u,3q)  is  the  length  of 
uv.  (See  Figure  2.) 


Convex  digital  region 

A  digital  region  S  is  said  to  be  convex  if  there  is  a  convex 
region  p  whose  digital  image  is  S. 

Given  a  digital  region  S,  H(S)  denotes  its  convex  hull. 

A  result  in  [4]  w\-~h  is  used  in  this  paper  is  stated  as  a 
lemma  below. 


Lemma  A 

A  digital  region  S  is  convex  if  and  only  if  H(S)  does  not 
contain  any  point  of  S. 

The  following  corollary  is  immediate  from  the  lemma. 


In  this  section  we  discuss  simple  geometric  properties  that 
characterize  digital  disks.  These  are  interesting  geometric 
characterizations,  but  they  do  not  immediately  lend  themselves 
to  development  of  an  algorithm  that  determines  whether  or  not  a 
given  digital  region  is  a  digital  disk.  Still,  they  are  a  basis 
from  which  further  characterizations  of  digital  disks  are  de¬ 
rived  that  enable  us  to  design  such  an  algorithm. 

The  first  result  is  on  a  necessary  and  sufficient  geometric 
property  for  a  digital  region  to  be  a  digital  disk.  The  second 
is  on  a  geometric  property  which  implies  that  a  digital  region  is 
not  a  digital  disk. 

Before  presenting  these  results,  we  introduce  some  notation. 
Let  x,y  and  z  be  three  distinct  points  in  E.  Let  xy  denote  the 
half-line  with  endpoint  x  that  passes  y.  We  denote  by  h(yxz)  the 
unbounded  subset  of  E  that  is  obtained  by  rotating  xy  clockwise 
to  xz. 

Theorem  1.  A  digital  region  Q  is  a  digital  disk  if  and  only  if 
there  is  a  (Euclidean)  disk  q  that  satisfies  one  of  the  following: 
(i)  Every  point  of  Q  is  a  point  of  q  and  no  point  of  Q 
is  a  point  of  q.  Also  there  are  three  points  d^,d2, 
dj  of  Q  on  3q  such  that  none  of  the  angles  d^c(q)d2, 
d2c(q)d3  and  d3c(q)d1  are  greater  them  n. 


(ii)  Every  point  of  Q  is  a  point  of  q  and  there  are  two 
points  of  Q  on  9c3  such  that  all  the  digital 

points  on  Sqfd^d^  are  points  of  Q  and  all  the  digital 
points  on  Sqfd^d^)  are  points  of  Q.  Moreover,  the 
rest  of  the  points  of  Q  are  points  of  q. 

Proof :  Suppose  that  given  a  digital  region  Q,  there  exists 

a  disk  q  satisfying  either  (i)  or  (ii).  If  q  satisfies  (i) , 

then  Q  is  the  digital  image  of  q  and  hence,  is  a  digital  disk 

by  definition.  So  assume  that  q  satisfies  (ii).  Let 

<$.  =  min  (dist(d,3q)}  and 

d€h(d1c(q)d2)nQ 

-  min  [dist (d, 3q) } . 

d€h(d2c(q)d1)nQ  -  {d1,d2> 

Let  6  =  Js*min{ 6lf  62> .  Then  6>0,  since  obviously  61,62>0.  Let 
s  be  the  radius  of  q  that  bisects  the  angle  d^c(q)d2,  and  c'  be 
the  point  on  s  such  that  the  distance  between  c(q)  and  c'  is  6 . 
(See  Figure  3.)  We  denote  by  p  the  disk  whose  center  is  c'  and 
whose  circumference  contains  d^  and  d2.  Due  to  the  construction 
of  6,  it  is  obvious  that  q-p  does  not  contain  any  point  of  Q  and 
p-q  does  not  contain  any  point  of  Q.  Thus,  every  point  of  Q  is 
a  point  of  p  and  no  point  of  Q  is  a  point  of  p.  Therefore,  Q 
is  the  digital  image  of  p  and  hence,  is  a  digital  disk.  This 
completes  the  proof  of  the  "if"  part. 

Next,  suppose  that  a  digital  region  Q  is  a  digital  disk. 

Then  there  is  a  disk  p  whose  digital  image  is  Q.  If  there 
are  three  points  d^,d2,d2  of  Q  such  that  none  of  the  angles 


d^c(p)d2,  d2c(p)d3  and  d^ctpjd^^  are  greater  than  tt,  then  we 
are  done  because  p  satisfies  (i) .  So  assume  that  there  are 
no  such  three  points  of  Q  on  9p,  and  consider  the  following 
cases: 

Case  1  There  are  at  least  two  points  of  Q  on  9p. 

Then  there  are  two  points  d^,d2  of  Q  on  p  such  that 
there  is  no  point  of  Q  on  9p(d2,d1)  and  the  angle  d2c(p)d1 
is  greater  than  it.  (See  Figure  4.)  Let  s  be  the  radius  bi¬ 
secting  the  angle  d1c(p)d2-  Consider  point  c  that,  starting 
from  c(p),  moves  continuously  away  from  c(p)  along  the  radius 
s.  As  c  moves,  consider  the  disk  q  whose  center  is  at  c  and 
radius  is  cd^(=cd2).  As  soon  as  9q(d2,d1)  touches  points  of  Q 
or  9q(d1»d2)  toucches  points  of  Q  or  both,  point  c  stops  its 
movement . 

Suppose  9q(d1,d2)  touched  points  of  Q.  Note  that  even  if 
9p(d1,d2)  had  points  of  Q,  9q(d^,d2)  has  no  point  of  Q.  Thus, 
every  digital  point  on  9q(d^,d2>  is  a  point  of  Q  and  every  digi 
tal  point  on  9q(d2,d^)  (there  may  not  be  any)  is  a  point  of  Q. 
Therefore,  q  satisfies  (ii)  and  we  are  done.  So  suppose  that 
9q(d^,d2)  did  not  touch  any  point  of  Q  but  9q(d2,d1)  touched 
points  of  Q.  If  there  is  a  point  d^  of  Q  on  9q(d2,d1)  such 
that  the  angles  d2c(q)d3  and  d3c(q)d^  are  both  less  than  it, 
then  q  satisfies  (i)  and  the  proof  for  case  1  is  complete. 
Assume  that  there  is  no  such  point  of  Q  on  9q(d2,d^).  Let  d^ 
be  the  point  of  Q  on  9q(d-,d-,)  such  that  the  angle  d7c(q)d.  is 


smallest,  which  still  is  larger  than  tt.  Now  we  are  back  to 
the  original  condition  of  case  1  except  that  now  d 3  replaces 
d2*  We  repeat  the  process  until  the  new  disk  q  satisfies 
either  (i)  or  (ii) .  This  process  terminates,  since  3q(d1,d2) 
eventually  touches  a  point  of  Q.  This  completes  the  proof 
for  case  1. 

Case  2  There  is  one  point  of  Q  on  p. 

Let  d^  be  the  point  of  Q  on  3p  and  s  be  the  radius  of  p 
whose  endpoints  are  d^  and  c (p) .  Consider  point  c  that  start¬ 
ing  from  c(p)  moves  continuously  toward  d1  along  s.  The  point 
c  stops  moving  when  3q  touches  points  of  Q  for  the  first  time, 
where  q  is  the  circle  whose  center  is  at  c  and  radius  is  cd^. 

If  there  are  two  points  d2,d3  °f  Q  on  3c3  such  that  none  of  the 

angles  d-^c  (q)  d2#  d2c(q)d3  and  d3c(q)d1  are  greater  than  tt, 

then  q  satisfies  (i) .  If  not,  this  case  is  reduced  to  case  1. 

Case  3  There  is  no  point  of  Q  on  3p. 

Let  q  be  the  largest  disk  such  that  its  center  coincides 
with  the  center  of  p,  i.e.,  c(q)=c(p),  and  there  are  points 
of  Q  on  3q.  Now  the  case  is  reduced  to  one  of  the  above  cases 
depending  on  the  number  of  points  of  Q  on  3q  and  their  relative 
positions.  This  completes  the  proof  of  the  "only  if"  part. 

The  proof  of  the  theorem  is  now  complete.  □ 


Theorem  2.  Let  Q  be  a  digital  region  and  p  a  disk.  If  there 
are  two  points  d^,d2  of  Q  on  dp  such  that  both  subsets  p(d^, 
d2)  and  p(d2#d^)  contain  points  of  Q,  then  Q  is  not  a  digi¬ 
tal  disk. 

Proof ;  Given  a  digital  region  Q  and  a  disk  p,  suppose  that 
two  points  d1,d2  of  Q  on  p  are  such  that  points  e-^  and  e2 
of  Q  are  in  p(d1#d2)  and  p(d2»d^),  respectively.  If  either 
or  e2  is  a  point  on  the  line  segment  d1d2 '  t^ien  there  is 
no  disk  that  contains  both  d1  and  d2  but  not  e^  or  e2  and  so 
Q  is  not  a  digital  disk.  Hence,  assume  that  neither  e^  nor 
e2  is  a  point  on  d^^.  Suppose  that  Q  is  a  digital  disk. 

Then  there  is  a  disk  q  whose  digital  image  is  Q  and  in  parti¬ 
cular,  d1  and  d2  are  points  of  q  and  e^  is  not.  Thus,  3q 
intersects  3p  at  two  points  on  3p(d1,d2) .  (See  Figure  5.) 

Since  two  circles  may  intersect  at  most  at  two  points,  p(d2,d^) 
is  a  subset  of  q.  Hence,  e2  is  a  point  of  q,  which  contradicts 
the  fact  that  Q  is  the  digital  image  of  q.  Therefore,  Q  is  not 
a  digital  disk,  a 


4 .  Algorithm 

An  algorithm  is  presented  that  determines  whether  or  not 
a  given  digital  region  is  a  digital  disk.  Since  the  results 
derived  in  the  previous  section  do  not  lead  to  an  efficient 
algorithm,  further  characterizations  of  digital  disks  are 
needed.  A  few  of  them  are  given  as  lemmas  after  introducing 
some  necessary  notation. 

We  represent  a  polygon  by  the  sequence  of  its  vertices 
listed  in  the  order  of  clockwise  traversal  of  its  boundary. 

Consider  a  digital  region  Q  and  its  convex  hull  H(Q).  Since 
H(Q)  is  a  polygon,  it  may  be  represented  by  the  sequence  of 
its  vertices  (v. , v0 , . . . , v  ),  where  the  v.'s  are  obviously  points 
of  Q.  We  denote  the  set  (v^ v2 , . . . ,vn>  of  the  vertices  of 
H(Q)  by  P.  Let  R  denote  the  set  of  digital  points  that  are 
boundary  points  of  Q.  (See  Figure  6.)  Given  any  pair  of  two 
distinct  points  v^,Vj  of  P,  v^v^j  denotes  the  line  through  the 
two  points  with  its  sense  in  the  direction  from  v^  to  Vj .  Let 
P(v.,vj)  and  R(v^,Vj)  denote  the  subsets  of  P  and  R,  respective¬ 
ly,  that  lie  to  the  left  of  v^vj  .  Thus  P  (v^ ,  v^. )  UP  (v^  ,  v^)  =P-{v^ ,  v^  } 
and  R(v^,  Vj )  UR(Vj  ,  v^)  =R- (RD{x  |  x  is  on  'vTv\}).  (See  Figure  6.) 

Let  v  be  the  point  of  P(v^,Vj)  such  that  the  angle  v^w.  is 
not  greater  than  the  angle  v^v’vj  for  any  v’  in  p(vi'vj>'  and 
let  minang (P (v^ , Vj ) )  denote  this  angle.  That  is,  minang (P (v^ ,Vj ) ) = 
min{v^Wj  |  v€P(v^,Vj)  }  .  Similarly,  maxangtRtv^Vj)  )=max{v^wVj  | 
w€R(v. ,v. ) }. 


The  digital  region  Q  is  convex  if  it  is  a  digital  disk  by 
Corollary  B.  So  it  is  obvious  that  the  convex  digital  region 
Q  is  a  digital  disk  if  and  only  if  there  is  a  disk  q  that 
contains  the  vertices  of  H(Q)  and  does  not  contain  any  point 
of  Q.  This  observation  and  the  results  in  the  preceding  sec¬ 
tion  lead  us  to  the  following  lemmas. 

Lemma  3 

Given  a  digital  region  Q,  let  and  Vj  be  any  two  distinct 
vertices  of  H(Q).  If  maxang  (R(v^ ,  Vj ) )  tmaxang  (R(Vj  ,v^) )  >  rr , 
then  Q  is  not  a  digital  disk. 

Proof :  Let  w  be  a  point  of  R(v^,Vj) such  that  the  angle  v^wVj  is 

equal  to  maxang (R(v. ,v .)) .  Denote  by  q  the  disk  whose  circum- 

—  3 

ference  is  determined  by  v^,Vj  and  w.  If  w'  is  a  point  of 
R  ( vj  » Vf)  such  that  the  angle  VjW'v^^  is  equal  to  maxang  (R  (Vj  ,v^)  ) 
then  VjW' v^>Tr-v^wVj ,  and  w'  is  a  point  of  q(Vj,v^).  Therefore, 
v^  and  Vj  are  points  of  Q  on  9q  and  q(v^,Vj)  and  q(Vj,v^)  each 
has  a  point  of  Q.  Hence,  Q  is  not  a  digital  disk  by  Theorem  2. 

Lemma  4 

Given  a  digital  region  Q,  let  v^  and  Vj  be  any  two  distinct 
vertices  of  H(Q).  Suppose  that  the  following  conditions  are 
satisif ied: 

(i)  minang(P (vj/vj ) ) tminang (P (Vj , v^) ) >n , 

(ii)  maxang  (R(v^,Vj ))  tmaxang  (R  (Vj  ,v^)  )<tt  ,  and 


(iii)  minang(P(v^,Vj) )>maxang(R(v^,Vj) )  and 
minang(P(Vj ,v^) ) >maxang (R(Vj ,v^) ) . 

Then  Q  is  a  digital  disk. 

Proof ;  Assume  without  loss  of  generality  that  minang (P (v^,Vj) ) 5 
minang(P(Vj ,v^) ) .  Consider  the  following  two  cases: 

Case  1  minang (P  (v^,v..) ) +maxang  (R(v^  ,v^) )<n  . 

Let  v  be  a  point  of  P(v^,v^)  such  that  the  angle  v^vv^  is 
equal  to  minang (P(v^,Vj) ) .  Then  let  q  be  the  disk  whose  circum¬ 
ference  contains  the  points  v^,  v  and  v^  .  Since  for  every  v' 
of  P(v^,Vj),  the  angle  v^v'v^  is  not  less  than  minang (P(v^,Vj) ) , 
v1  is  a  point  of  q.  If  a  point  x  lies  to  the  left  of  and 

the  angle  v^xv^^  is  larger  than  or  equal  to  n -minang  (PCv^v^) )  , 
then  it  is  a  point  of  q(Vj,v^).  Since  minang  (P  (v^  ,v^)  )  >Tr-minang 
(P(vi#Vj)),  the  angle  VjV'v^>it  -  minang  (P  (v^v^) )  for  every  v' 
of  P(Vj,v^).  Hence,  every  point  of  P(Vj,vi)  is  a  point  of  q(v.., 
v^) .  Therefore,  every  vertex  of  H(Q)  is  a  point  of  q  and  thus  Q 
is  contained  in  q.  Now  we  show  that  no  point  of  Q  is  a  point 
of  q.  For  any  point  w  of  R(v^,Vj) ,  the  angle  v^wv^  is  less  than 
or  equal  to  maxang (R(v^,Vj) )  which  is  less  than  minang (P(v^,Vj) ) . 
So  w  is  not  a  point  of  q(v^,Vj).  Since  w  is  obviously  not  a  point 
of  q(Vj,v^),  it  is  not  a  point  of  q.  Consider  a  point  of  R(Vj,v^) 
denoted  w.  The  angle  VjWv^  is  not  greater  than  maxang (R(Vj ,v^) ) , 
which  in  turn  is  less  than  rr-minang (P  (v^ ,v^ ) )  .  Thus,  w  is  not  a 
point  of  q (v . , v. ) ,  and  so  is  not  a  point  of  q.  We  have  shown  that 


every  point  of  Q  is  a  point  of  q  and  no  point  of  Q  is  a  point 
of  q.  Therefore,  Q  is  a  digital  disk. (It  is  not  difficult  to 
see  that  q  satisfies  condition  (i)  of  Theorem  1.) 

Case  2  minang(P(v^,Vj) ) +maxang ( R ( v ^ ,v^) ) in . 

Let  w  be  a  point  of  R(Vj,v^)  such  that  the  angle  v^wv^  is 
equal  to  maxang(R(Vj ,v^) ) .  Consider  the  disk  q  whose  circum¬ 
ference  has  points  v^,w  and  v ^ .  Since  for  any  point  w'  of 
R(Vj,vi),  the  angle  v^wv^  is  not  greater  than  maxang (R(v^ ,v.^) ) , 
w'  is  either  a  point  on  8q(Vj,v^)  or  a  point  of  q.  Let  w'  be 
a  point  of  R(v^,Vj);  then  the  angle  v^w'v^  is  less  than  tt-v^wv^ 
so  w'  is  not  a  point  of  q.  Next  we  show  that  every  point  of  Q 

is  a  point  of  q.  If  v  is  a  point  of  P(v.,v.),  then  the  angle 

D  ^ 

VjWi  is  greater  than  the  angle  v^wv^  and  hence  v  is  a  point  of 
q  ( vj ,  Vf)  •  If  v  is  a  point  of  P(vifVj),  then  the  angle  v.^vvj 
is  greater  than  or  equal  to  tt-v^wv^.  Thus,  w  is  a  point  of 
q(vi»Vj).  We  note  that  q  satisfies  condition  (ii)  of 
Theorem  1,  and  so  Q  is  a  digital  disk.  □ 

Now  we  are  ready  to  present  an  algorithm  to  determine  whe¬ 
ther  or  not  a  given  digital  region  is  a  digital  disk. 

Algorithm  DIGITAL_DISK (Q) 

||  Given  a  digital  region  Q,  the  algorithm  deter¬ 
mines  if  Q  is  a  digital  disk.  If  it  is,  the 
algorithm  prints  True  and  halts,  otherwise  it 
prints  False  and  halts.  || 

Construct  the  convex  hull  II  (Q)  . 

If  H (Q)  has  a  point  of  Q  then  print  (False) ;  stop 


Step  1 


Step  2.  Construct  the  following  two  sets  of  digital 
points : 

P  =  {vi'V2, . . . , vn> ,  where  (v1»v2, . . . ,vn)  =  H(Q). 

R  =  {w^,w2# • • • »  the  set  °f  boundary  points  of  Q 
Step  3.  For  i=l  to  n-1  do 

for  j=i+l  to  n  do 

3.1  evaluate  minang(P(vifVj) )  ,  minang  (P  (v^  jV.^) )  , 

maxang(R(vifVj) )  and  maxang(R(Vj ,v^) ) . 

3.2  if  maxang(R(vi,Vj) ) +maxang (R(v^  ,vi>  )>rr 

then  print  (False) ;  stop. 

3.3  i£  minang (P (v^, Vj )  )+minang(P(Vj  )>n  , 

maxang(R(vi,Vj) ) +maxang (R(Vj  fV^) )<n ,  and 

minang (P(vi,v^.)  )>maxang(R(vifVj) )  and 

minang (P(v.  ,v. ) ) >maxang (R(v .  ,v. ) ) 

J  J  ^ 

then  print  (True) ;  stop. 

Step  4.  Print  (False) ;  stop. 

Suppose  that  the  digital  region  Q  resides  in  a  set  of  N*N 
digital  points.  We  assume  that  the  region  is  represented  by 
its  run  length  code  [73- 

Theorem  5.  Algorithm  DIGITAL_DISK  determines  whether  or  not  a 

3 

given  digital  region  is  a  digital  disk  requiring  0(N  )  time  and 
0 (N )  work  space. 


Proof :  For  a  digital  disk  Q,  the  condition  for  q  in  Theorem  1 
implies  and  is  implied  by  the  condition  for  q  in  Lemma  4.  Thus, 
the  correctness  of  algorithm  DIGITAL_DISK  is  immediate  from 
Theorem  1 ,  Lemma  3  and  Lemma  4 . 

The  work  space  needed  by  the  algorithm  is  for  H(Q)(=P),  R  and 
a  few  temporaries.  Since  P  has  at  most  2N  elements  and  R  at  most 
4N  elements,  0(N)  space  is  all  that  is  required. 

2 

The  steps  3.1,  3.2  and  3.3  are  executed  at  most  4N  times  be¬ 
cause  n  is  at  most  N.  The  execution  time  of  Step  3.1  is  0(N)  be¬ 
cause  at  most  6N  angles  need  be  evaluated.  Steps  3-2  and  3.3 
each  take  constant  time.  Therefore,  the  time  complexity  of  the 

3 

algorithm  is  0(N  ).  □ 


5.  Conclusion 


A  definition  of  digital  disks  is  given  which  is  consistent 
with  the  definition  of  digital  convexity  and  digital  polygonality . 
With  this  definition,  we  were  able  to  derive  a  few  simple  geometric 
properties  that  characterize  digital  disks.  Moreover,  an  algo¬ 
rithm  to  determine  digital  disks  was  developed  from  these  charac¬ 
terizations.  The  algorithm  is  conceptually  simple  and  very  easy 

to  implement.  Its  O(N^)  time  complexity,  however,  seems  rather 

3 

excessive,  and  it  is  not  likely  that  0(N  )  is  the  lower  bound. 


References 


1.  R.  M.  Haralick,  "A  measure  for  circularity  of  digital  figures," 
IEEE  Trans.  SMC  vol.  SMC-4  (1974),  394-396. 

2.  L.  Hodes,  "Discrete  approximation  of  continuous  convex  blobs," 
SIAM  J.  Appl .  Math.  19-2  (1970),  477-485. 

3.  C.  E.  Kim,  "On  the  cellular  convexity  of  complexes,"  IEEE 
Trans.  PAMI  vol.  PAMI-3  (1981),  617-625. 

4.  C.  E.  Kim,  "Digital  convexity,  straightness  and  convex  poly¬ 
gons,"  to  appear  in  IEEE  Trans.  PAMI  vol.  PAMI-4  (1982). 

5.  A.  Nakamura  and  K.  Aizawa,  "On  digital  circles,"  TR-1193 
(1982),  Computer  Vision  Laboratory,  Computer  Science  Center, 
University  of  Maryland,  College  Park,  MD,  August  1982. 

6.  A.  Rosenfeld,  "Connectivity  in  digital  pictures,"  JACM  17 
(1970),  146-160. 

7.  A.  Rosenfeld  and  A.  C.  Kak,  Digital  Picture  Processing, 

Academic  Press,  New  York,  1976. 

8.  J.  Sklansky,  "Recognition  of  convex  blobs,"  Pattern  Recognition 


2  (1970),  3-10 


|  REPORT  DOCUMENTATION  PAGE 

READ  INSTRUCTIONS 

BEFORE  COMPLETING  FORM 

3.  recipient  s  catalog  number 

4.  TITLE  (end  Subtitle) 

DIGITAL  DISKS 

5.  TYPE  OP  REPORT  A  PERIOD  COVERED 

Technical 

6.  PERFORMING  ORG.  REPORT  NUMBER 

TR-1216 

7.  AUTHORfeJ 

Chul  E.  Kim 

8.  CONTRACT  OR  GRANT  NUMBER,*.) 

AFOSR-77-3271 

9.  PERFORMING  ORGANIZATION  NAME  AND  AOORESS 

Computer  Vision  Laboratory 

Computer  Science  Center 

University  of  Maryland 

Col  leer  <=»  Park.  MD  2074? 

10.  PROGRAM  ELEMENT.  PROJECT.  TASK 
AREA  6  WORK  UNIT  NUMBERS 

£  //0Sp7t 

- 

II.  CONTROLLING  OFuCE  NAME  AND  ADDRESS 

Math  &  Info.  Sciences,  AFOSR/NM 

Bolling  AFB 

Washinaf.nn.  DC  70332 

12.  REPORT  DATE  / 

September  Is 8 2 

13.  NUMBER  OP  PAGES 

21 _ 

1*.  MONITORING  AGENCY  NAME*  ADDRESS,,/  dill,  rent  Iron,  Controlling  Ollice) 

15.  SECURITY  CLASS,  (ol  (file  report) 

unclassified 

IS*  DECLASSIFICATION/ DOWNGRADING 
SCHEDULE 

1 16.  distribution  statement  (of  thin  Fepori)  1 

Approved  for  public  release;  distribution  unlimited 


17.  DISTRIBUTION  STATEMENT  (ol  (h.  ob.troz!  .n.er.rf  In  Block  20.  II  dlHer.nl  from  Repot!) 


1*.  supplementary  notes 


18  KEY  WORDS  (Continue  on  reeeree  eide  II  nec e.eery  end  identity  by  block  number) 

Image  processing 
Pattern  recognition 
Digital  geometry 


20.  ABSTRACT  (Continue  on  revere*  eide  II  neceteory  end  Identity  by  block  number) 

Geometric  properties  of  digital  disks  are  discussed.  An  algori¬ 
thm  is  presented  that  determines  whether  or  not  a  given  digital 
region  is  a  digital  disk. 


DD  ,jSC*7j  1473  coition  OP  1  NOV  es.soesoLETE  UNCLASSIFIED 

SECURITY  CLASSIFICATION  OP  THIS  PAGE  fKber  Del#  Erteied 


